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RIESZ BASES OF EXPONENTIALS AND THE BOHR
TOPOLOGY
CARLOS CABRELLI, KATHRYN HARE, AND URSULA MOLTER
Abstract. We provide a necessary and sufficient condition to ensure that a
multi-tile Ω ⊂ Rd of positive measure (but not necessarily bounded) admits a
structured Riesz basis of exponentials for L2(Ω). New examples are given and
this characterization is generalized to abstract locally compact abelian groups.
Keywords: Riesz basis, basis of exponentials, multi-tiles, Bohr compactification,
Bohr topology.
1. Introduction
We address the question of what domains Ω of Rd with finite measure, admit a
Riesz basis of exponentials, that is, the existence of a discrete set B in Rd such that
the exponentials E(B) = {e2πiβ·ω : β ∈ B} form a Riesz basis of L2(Ω).
Recently, it has been shown that if a bounded set Ω satisfies a certain geometrical
condition called multi-tiling, (see definition below), then L2(Ω) always posseses a
Riesz basis of exponentials E(B), where B has the special structure of being the
union of a finite number of translates of a lattice. Every set Ω that has such a
structured Riesz basis must be a multi-tile, however if Ω it is not bounded, it does
not necessarily have such a basis. This opened the question of which unbounded
multi-tiles support a structured Riesz basis. Even though some sufficient conditions
were given on a multi-tile Ω to guarantee the existence of such a basis, the question
of characterizing all the multi-tiles that support a structured Riesz basis remained
open.
The aim of this paper is to fill this gap. We have found a necessary and sufficient
condition for a multi-tile to possess a structured Riesz basis of exponentials. We
also extend our results to the context of abstract locally compact abelian groups.
In what follows we give some background on the subject and the precise defini-
tions.
Let Ω ⊂ Rd be a measurable set of positive and finite measure. A central question
in Harmonic Analysis is whether there exists a discrete set Λ ⊂ Rd such that the
system of exponentials, E(Λ) = {e2πiλ·ω : λ ∈ Λ}, is a basis of L2(Ω). When
the answer is positive we have a representation of each function in the space as a
non-harmonic Fourier series, c.f. [21]. If E(Λ) is an orthogonal basis, Ω is called
spectral and Λ a spectrum for Ω. The spectrum of a spectral set is a complete set
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of stable interpolation of the Paley-Wiener space PWΩ, [19], a fact important in
applications.
The study of spectral sets has flourished since Fuglede’s conjecture that a set is
spectral if and only if it tiles Rd by translations, [6]. By this, we mean that there
exists a discrete set S ⊂ Rd such that the translates of Ω by the elements of S are
almost disjoint and cover Rd up to a set of measure zero. Equivalently,∑
s∈S
χΩ(ω − s) = 1 for a.e. ω.
Fuglede’s conjecture has motivated significant research and has been proven to be
true in some special cases. In particular, in [6] (and see also [10]) Fuglede showed
that when Λ is a lattice the conjecture holds. To be precise, a set Ω tiles Rd by
translations along a lattice if and only if the dual lattice is a spectrum for Ω. On
the other hand, the conjecture is false in dimensions greater than two and some
simple domains are not spectral; see [6, 14, 15, 17] for examples.
If the orthogonality requirement is dropped, we can ask if Ω supports a Riesz
basis of exponentials: Put eβ(ω) = e
2πiβ.ω. The system {eβ : β ∈ B} is a Riesz
basis of L2(Ω) if it is complete and there are constants A,B > 0 so that
A
∑
β∈B
| cβ |
2 ≤
∥∥∥ ∑
β∈B
cβeβ
∥∥∥2 ≤ B∑
β∈B
| cβ |
2, ∀ {cβ} ∈ ℓ
2(B).
If there exists a set B such that the set of vectors {eβ : β ∈ B} is a Riesz basis
of L2(Ω) we say that Ω is Riesz spectral and B is a Riesz spectrum for Ω. When
a Riesz basis of exponentials exists, any element of L2(Ω) can be represented as
an unconditional series of exponentials. Also, Riesz spectrums are complete sets of
stable interpolation.
The problem of the existence of Riesz bases, is notably different from the or-
thogonal case. For example, it is not known if there exist any sets that are not
Riesz spectral. On the other hand, there are relatively few classes of examples of
domains that have been proven to be Riesz spectral; see [8, 11, 12, 18].
1.1. Multi-tiles. One class of examples that are Riesz spectral comes from some
of the so-called multi-tile sets, generalizations of tiles.
Definition 1.1. Let Λ be a full lattice in Rd and let k ∈ N. A measurable set
Ω ⊂ Rd is called a k-tile for Λ, or a multi-tile of order k with respect to Λ, if
(1.1)
∑
λ∈Λ
χΩ(ω − λ) = k for a.e. ω.
Kolountzakis proved in [13] that a k-tile for Λ is a disjoint union of k sets of
representatives of Rd/Λ (up to measure zero), hence a k-fold covering of Rd by
translations by elements of Λ.
It was shown in [7] and [13] that if Ω ⊂ Rd is a bounded k-tile for a lattice
Λ, then there always exist vectors a1, . . . , ak such that {aj + Λ∗ : j = 1, . . . , k}
is a Riesz spectrum for Ω, where Λ∗ is the dual lattice of Λ. In [1], this theorem
was generalized to locally compact abelian groups and a converse theorem was
established.
Theorem 1.2. [1] Let Λ be a full lattice in Rd and Ω a bounded measurable subset
of Rd. There exist a1, . . . , ak ∈ Rd such that {eaj−γ : j = 1, . . . , k, γ ∈ Λ
∗} is a
Riesz basis for L2(Ω) if and only Ω k-tiles Rd with respect to Λ.
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This motivated the following definition.
Definition 1.3. A k-tile for a lattice Λ is said to have a structured Riesz basis of
exponentials if there exist a1, . . . , ak ∈ Rd such that the collection {eaj−γ : j =
1, . . . , k, γ ∈ Λ∗} is a Riesz basis for L2(Ω).
An example found in [1] shows that an unbounded multi-tile need not support
structured Riesz bases. The question of the existence of unbounded multi-tiles
with structured bases of exponentials was recently addressed in [2] where it was
proven that admissible multi-tiles always have a structured Riesz basis. The class of
admissible multi-tiles (see Example 4.3 for the definition) contains all the bounded
multi-tiles, as well as a large class of unbounded multi-tiles. However, admissibility
is only a sufficient condition, as seen in [2], and thus it is an open question as to
exactly which multi-tiles support a structured Riesz basis of exponentials.
In this paper we answer this question, giving a necessary and sufficient condition
for a multi-tile in Rd to have a structured Riesz basis of exponentials. This charac-
terization is described in terms of the Bohr compactification of the lattice involved.
We provide new examples of non-admissible multi-tiles with structured Riesz bases
using this characterization. Moreover, our theorem extends in a natural way to
characterize k-tiles that have a structured Riesz basis in second countable, locally
compact abelian groups.
2. Bohr compactification and Bohr topology
In this subsection we will review the basic facts about the Bohr compactification
and Bohr topology that will be needed later in the paper. For a more thorough
treatment we refer to [9] or [20].
Let G be a locally compact (LCA) group and Ĝ = Γ its Pontryagin dual, the
set of continuous characters on G. One example of such a pair is G = T = [0, 1), a
compact group under addition mod 1, and its dual Γ = Z. Here the action of n ∈ Z
on T is given by n(x) := exp(2πinx).
The group Γ is given the compact-open topology, meaning that the basic neigh-
bourhoods of γ0 ∈ Γ can be taken to be the sets of the form
N(γ0,K, ε) = {γ ∈ Γ : |γ(x)− γ0(x)| < ε for all x ∈ K}
for K any compact subset of G and ε > 0. The group G is compact if and only if
Γ is discrete.
This topology makes Γ a locally compact abelian group. Hence it, too, has a
dual group. Every element x ∈ G can be viewed as a continuous character on Γ by
the rule x(γ) := γ(x). Thus G embeds naturally into Γ̂. The Pontryagin duality
theorem says that this embedding is an onto homeomorphism and hence G = Γ̂.
Denote by Gd the group G with the discrete topology. Its dual, Ĝd, is the
compact group denoted Γ, known as the Bohr compactification of Γ. The compact-
open topology on Γ is known as the Bohr topology. As every function on a discrete
topological space is continuous, the elements of Γ are all the (algebraic) characters
of the group G, not just the continuous ones with respect to the original topology
on G. Thus Γ canonically embeds in Γ. Moreover, Γ is dense in Γ (with the respect
to the Bohr topology).
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Since the only compact sets in a discrete space are finite, the basic neighbour-
hoods of χ0 ∈ Γ are the sets
{χ ∈ Γ : |χ0(tj)− χ(tj)| < ε for j = 1, ..., k},
where t1, ..., tk ∈ G. Hence although the topology is not metrizable (whenever Γ is
infinite), convergence of nets is easy to describe: a net {χα}α ⊆ Γ converges to χ0
in the Bohr topology if and only if the net of complex numbers {χα(t)}α → χ0(t)
for all t ∈ G.
In this paper, we will be particularly interested in the Bohr compactification of Z,
Z = T̂d or, more generally, the Bohr compactification of Zd. We have χα → χ0 ∈ Z
precisely when χα(z) → χ0(z) for every z ∈ T. A similar statement holds for
Zd = Z
d
.
3. Characterizing Structured Riesz Bases on Multi-tiles
Our results of this section hold in the context of a general LCA group G and a
uniform lattice Λ, but for clarity of the exposition we will first consider the case
G = Rd, Λ = Zd and later devote a section to explaining how to extend the results
to the more general setting. We recall that when Λ = Z, we have that Λ∗, the dual
lattice to Λ, is again Λ.
Let P = [0, 1)d ≃ Rd/Zd. This is a group under addition mod 1, the dual group
to Zd, as well as being a fundamental domain for the lattice Λ. Since Λ = P̂
= ̂(Rd/Zd) , any η = (n1, ..., nd) ∈ Λ can be viewed as a continuous character on P
or a continuous character on Rd that annihilates Zd. For a = (a1, ..., ad) ∈ Rd we
will write
eη(a) = ea(η) := exp(2πiη · a).
Thus η acts on a by η(a) = eη(a). Likewise, the elements of Λ = Zd can be viewed
as all the characters on Rd that annihilate Zd.
Let Ω ⊂ Rd be a k-tile in Rd. For every ω ∈ P , define the set
Λω := {λ ∈ Λ : ω + λ ∈ Ω }.
Since Ω is a k-tile, the cardinality of Λω equals k for (Lebesgue) almost every ω ∈ P,
say for all ω ∈ P ′ , a subset of P of full measure. Sometimes we will need to consider
the set Λω as an element of Λ
k. Thus we will write
−→
Λω = (λ1(ω), . . . , λk(ω)) for
all ω ∈ P ′, where λ1(ω) ≺ · · · ≺ λk(ω) under the lexicographic ordering. We will
keep the notation Λω, when we think of it as a set.
We use the notation m(S) for the Lebesgue measure of S ⊆ Rd. For t ∈ Λk, put
Pt = {ω ∈ P
′ :
−→
Λ ω = t}, Q =
⋃
{Pt : m(Pt) > 0}
and define
(3.1) D = {
−→
Λω : ω ∈ Q } ⊆ Λ
k.
We remark that Ω = {ω + Λω : ω ∈ P} and that the set Ω\{ω + Λω : ω ∈ Q} has
Lebesgue measure zero.
The product group, Λk, is a LCA group with dual group (Td)k. Its Bohr com-
pactification, Λk, is equal to (Zd)k =
(
Zd
)k
.
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Notation 3.1. For χ = (χ1, ..., χk) ∈ Λk and a = (a1, . . . , ak) with aj ∈ Rd,
let Eaχ be the k × k matrix whose (r, s) entry is given by
(
Eaχ
)
rs
= χr(as) for
1 ≤ r, s ≤ k. In the case that χ =
−→
Λω for some ω ∈ P , we simply write Eaω. Thus
if
−→
Λω = (λ1, ..., λk), then
Eaω =


ea1 (λ1) . . . eak (λ1)
...
. . .
...
ea1 (λk) . . . eak (λk)

 .
The following Proposition, proved in [1] (see also [2]), will be very important for
what follows.
Proposition 3.2. The following statements are equivalent for a ∈ (Rd)k:
(1) There exist 0 < A < B such that for a.e. ω ∈ P
A‖x‖2 ≤ ‖Eaωx‖
2 ≤ B‖x‖2 for every x ∈ Ck.
(2) The set {eaj−γ : j = 1, . . . , k, γ ∈ Λ
∗} is a structured Riesz basis of expo-
nentials for L2(Ω).
Let D denote the closure of D in the Bohr topology of Λ
k
. We now state and
prove one of the main theorems of the paper.
Theorem 3.3. Let a = (a1, . . . , ak) with aj ∈ Rd. The following statements are
equivalent:
(1) There exist 0 < A < B such that for a.e. ω ∈ P,
(3.2) A‖x‖2 ≤ ‖Eaωx‖
2 ≤ B‖x‖2 for every x ∈ Ck.
(2) If χ ∈ D ⊆ Λ
k
then detEaχ 6= 0.
Remark 3.4. It is only the left hand inequality of (3.2) that is of interest. Indeed, we
always have ‖Eaωx‖
2 ≤ ‖Eaω‖
2 ‖x‖2 and the numbers ‖Eaω‖
2
are uniformly bounded
by some constant B depending only on k since the entries of the matrices Eaω are
all of modulus one.
Proof. Assume first that (2) holds. We claim that this implies there exists ε > 0
such that ∣∣det (Eaχ)∣∣ ≥ ε ∀χ ∈ D.
Suppose not. Then for each ε > 0 there exists χε ∈ D such that | det
(
Eaχε
)
| < ε
and consider the net {χε}ε. Using the compactness of D, obtain a subnet (not
renamed) and a character χ ∈ D such that {χε} converges to χ in the Bohr topology.
That means χε(a) → χ(a) for all a ∈ (Rd)k. Consequently, if χε = (χ1,ε, ..., χk,ε)
and χ = (χ1, ..., χk), we have χj,ε(b) → χj(b) for all b ∈ Rd and j = 1, ..., k. Since
the determinant of a matrix is a continuous function of its entries, it follows that
det
(
Eaχε
)
→ det(Eaχ) and hence det(E
a
χ) = 0. As χ ∈ D, that contradicts (2),
which proves the claim.
So we can assume there exists ε > 0 such that | det
(
Eaχ
)
| ≥ ε for allχ ∈ D and
we will use this to prove that (3.2) holds. Towards this, note that for χ =
−→
Λ ω ∈ D
we have
(3.3) ε2 ≤ | det (Eaω) |
2 = det
(
(Eaω)
∗
Eaω
)
= ρ1(ω) . . . ρk(ω),
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where ρ1(ω) ≤ ρ2(ω) ≤ · · · ≤ ρk(ω) are the eigenvalues of (Eaω)
∗Eaω . Since B ≥
‖Eaω‖
2 = ρk(ω) for all ω, it follows from (3.3) that ρ1(ω) ≥ ε2/Bk−1 for a.e. ω. As
‖(Eaω)
−1‖2 = 1/ρ1(ω), (3.2) holds with A = ε2/Bk−1 and this choice of B.
For the other implication, assume that there is some χ0 ∈ D with det
(
Eaχ0
)
= 0
and that (1) holds for some choice of A > 0. Choose a net {tα} ∈ D which converges
to χ0 in the Bohr topology. Then det
(
Eatα
)
→ det
(
Eaχ0
)
= 0 .
We have | detEatα |
2 = ρ1(α) . . . ρk(α) ≥ ρk1(α) where ρj(α) are the (ordered)
eigenvalues of (Eatα)
∗Eatα . Since det
(
Eatα
)
→ 0, this certainly forces the net {ρ1(α)}α
to converge to zero. If we pick an α such that ρ1(α) < A and choose x ∈ Ck an
associated eigenvector of (Eatα)
∗Eatα , then we have
‖Eatαx‖
2 = ρ1(α)‖x‖
2 < A‖x‖2.
Furthermore, if we choose any ω with
−→
Λω = tα, then ‖E
a
tαx‖
2 = ‖Eaωx‖
2. Conse-
quently, the inequality A‖x‖2 ≤ ‖Eaωx‖
2 fails to hold for all ω ∈ Ptα , which is a
set of positive measure since tα ∈ D. This gives a contradiction and completes the
proof. 
Remark 3.5. As essentially demonstrated in the proof, a continuity argument shows
that Sa = {χ ∈ Λ
k
: detEaχ = 0} is a closed set in the compact space Λ
k
. Thus
condition (2) is simply the statement that the two compact sets, D and Sa, are
disjoint.
Combining Proposition 3.2 and Theorem 3.3 gives our main result:
Corollary 3.6. With the notation above we have: A necessary and sufficient con-
dition for a k-tile in Rd to have a structured Riesz basis of exponentials is that there
exists a = (a1, . . . , ak) ∈ (Rd)k such that detEaχ 6= 0 for any χ ∈ D.
4. Extension to LCA groups
In this section we will show how to extend our results to the general setting
of LCA groups and will use our characterization to give examples of k-tiles with
structured Riesz bases.
4.1. Characterization of structured Riesz bases in the general setting.
We will mainly follow the notation of [1]. Let G be a second countable LCA group
and Γ its Pontryagin dual. As G is secound countable, so is Γ, [3]. Consider H ⊂ G
a uniform lattice, meaning a discrete subgroup of G such that G/H is compact.
We will denote by Λ ⊂ Γ the dual lattice of H , also known as the annihilator of
H and defined by
Λ = {λ ∈ Γ : λ(h) = 1 for all h ∈ H}.
Then Λ ⊆ Γ is the dual of the compact group G/H and hence is discrete. Being a
discrete subgroup of the second countable group Γ, Λ is countable. The group Γ/Λ
is compact being the dual of the discrete group H, so Λ is also a uniform lattice.
By Λ we mean the Bohr compactification of Λ. As Λ = Ĝ/H , Λ can be viewed as
the subgroup of Γ consisting of all the characters on G that annihilate H .
A Borel section of Γ/Λ is a set of representatives of this quotient that is a Borel
set. It can be proved that there always exists a relatively compact Borel section
P ⊆ Γ, which we will call a fundamental domain; see [4, 16]. As Λ is countable and
the Haar measure of Γ, denotedm, is Borel regular, we always have 0 < m(P ) <∞.
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In the previous section, we studied the special case of G = Rd = Γ, H = Zd = Λ
and P = [0, 1)d.
As in the Euclidean case, we say that a measurable set Ω ⊂ Γ is a k-tile for Λ,
or a multi-tile of order k with respect to Λ, if
(4.1)
∑
λ∈Λ
χΩ(ω − λ) = k for a.e. ω.
A k-tile for a lattice Λ is a union of k fundamental domains up to Γ-Haar measure
zero, [1, 13]. In the classical case of G = Rd, Λ is called a full lattice if Λ =M(Zd)
for an invertible matrix M . In this case, the Lebesgue measure of Ω is k |detM |.
In the general case the Γ-Haar measure of Ω is m(Ω) = km(P ).
Identifying the groupG with its double dual, Γ̂, we will denote by eg the character
acting on Γ associated with the element g ∈ G, i.e.,
eg(γ) = γ(g), γ ∈ Γ.
We will say that a k-tile Ω ⊂ Γ for Λ supports a structured Riesz basis of expo-
nentials (characters) if there exists an element a = (a1, . . . , ak) ∈ Gk such that
{eaj−h : j = 1, . . . , k, h ∈ H} is a Riesz basis of L
2(Ω,m).
As in the Euclidean case, Proposition 3.2 still holds in this more general setting,
see [1], where the matrices Eaω (and E
a
χ) are defined in the obvious manner. Because
the lattice Λ might not have a natural order, we simply choose any enumeration
of Λ and use the corresponding lexicographical order on Λk. In this way we can
define the sets Q ⊆ Γ and D ⊆ Λk as before. Theorem 3.3 is again valid in this
setting and its proof follows the same arguments as in the Euclidean case. Here is
its precise statement where D is the closure of D in Λk.
Theorem 4.1. Let G be a second countable, locally compact abelian group with
dual group Γ. A necessary and sufficient condition for a k-tile Ω in Γ to have a
structured Riesz basis of exponentials is that there exists a = (a1, . . . , ak) ∈ Gk such
that detEaχ 6= 0 for any χ ∈ D.
This Theorem gives a practical sufficient condition for the existence of a struc-
tured Riesz basis, which we now describe. Let Y be the subset of Λ given by
Y = {λi(ω)− λj(ω) : ω ∈ Q, i 6= j} = {Λω − Λω : ω ∈ Q}{0}.
When we write Y we mean the closure of Y in Λ ⊆ Γ. Given x ∈ G, we let
Ann(x) = {χ ∈ Λ : χ(x) = 1},
the set of characters in Λ annihilating x.
Corollary 4.2. A k-tile Ω in Γ has a structured Riesz basis if there is some x ∈ G
such that Y
⋂
Ann(x) is empty.
Proof. We consider a = (x, 2x, ..., kx) ∈ Gk. For χ = (χ1, ..., χk) ∈ D, Eaχ is the
Vandermonde matrix (tji )
k
i,j=1 where ti = ex(χi) = χi(x). Hence∣∣detEaχ∣∣ =∏
i6=j
|1− ex(χi − χj)|.
Now χ ∈ D if and only if there is a net ωα ∈ Q such that χj = limα λj(ωα) for
each j = 1, ..., k. Hence χi − χj ∈ Y for i 6= j and thus ex(χi − χj) 6= 1. That
proves detEaχ 6= 0 for any χ ∈ D. 
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Example 4.3. Suppose G = Γ = Rd and Λ is a full lattice, say Λ = M(Zd) for
some invertible matrix M . Take P = M([0, 1)d) as the fundamental domain. As
in [2], we say Ω ⊆ Rd of finite measure is admissible for Λ if there is some v ∈ Rd
and integer n such that the numbers {v · λ : λ ∈ Λω} are distinct integers modulo
n for a.e. ω. Redefining Q by omitting a set of measure zero, this ensures that if
Λω = {λi(ω) : i = 1, ..., k}, then v · (λi − λj) ∈ ZnZ for any i 6= j and all ω ∈ Q.
Hence ∣∣1− ev/n(λj − λℓ)∣∣ ≥ |1− exp i2π/n| := ε > 0 for all j 6= ℓ.
Taking limits, it follows that
|1− χ(v/n)| =
∣∣1− ev/n(χj − χℓ)∣∣ ≥ ε
for all χ = (χj − χℓ) ∈ Y and thus Y
⋂
Ann(v/n) is empty. Consequently, any
admissible k-tile has a structured Riesz basis.
In the case of a 2-tile, the sufficient condition of Corollary 4.2 is also necessary.
Corollary 4.4. The following are equivalent for a 2-tile Ω in Γ.
(1) Ω has a structured Riesz basis.
(2) There is some x ∈ G such that Y
⋂
Ann(x) is empty.
(3) There is some x ∈ G and ε > 0 such that Y
⋂
{χ ∈ Λ : |χ(x) − 1| < ε} is
empty.
Proof. (2 ⇒1) was established in the previous corollary and (3 ⇒2) is immediate.
(1 ⇒2) Assume Ω has a structured Riesz basis with a = (a1, a2). By the Theo-
rem, detEaχ 6= 0 for any χ ∈ D. As E
a
χ is a 2× 2 matrix,
0 6=
∣∣detEaχ∣∣ = |1− ea1−a2(χ1 − χ2)| .
Since χ = (χ1, χ2) ∈ D if and only if ±(χ1−χ2) ∈ Y , we immediately deduce that
Y
⋂
Ann(a1 − a2) is empty.
(2 ⇒3) If (3) fails, then for every ε > 0 there is some χε ∈ Y such that |χε(x)−
1| < ε. By compactness the net {χε} has a limit point χ ∈ Y , and this character
must satisfy χ(x) = 1. 
4.2. Examples with ε-Kronecker sets. Here we will show how examples of k-
tiles with structured Riesz bases can be constructed using the notion of ε-Kronecker
sets.
Definition 4.5. Let G be a compact abelian group and Λ its discrete dual. Let
ε > 0. A subset E ⊆ Λ is called an ε-Kronecker set if for all choices of complex
scalars (tχ)χ∈E , with |tχ| = 1, there is some g ∈ G such that |χ(g)− tχ| < ε for all
χ ∈ E. The infimum of such ε is called the ε-Kronecker constant of the set E.
Examples of infinite ε-Kronecker sets include lacunary sets {nj}∞j=1 ⊆ N with
lacunary ratio q > 2. These are sets with infj nj+1/nj ≥ q, such as the set {3j}∞j=0
with q = 3. The ε-Kronecker constant depends on the lacunary ratio q and tends
to 0 as q →∞. For background material on this class of sets we refer the reader to
[5].
Proposition 4.6. Suppose G = Γ = R, Λ = H = Z and Ω is a k-tile of Λ. Assume
that for every ω ∈ Q we have Λω = {0, λ2(ω), ..., λk(ω)} ⊆ Z+ and that if Λω 6= Λν ,
then Λω
⋂
Λν = {0}. If
⋃
ω∈Q Λω{0} is an ε-Kronecker set in N for ε = ε(k) > 0
sufficiently small, then Ω has a structured Riesz basis of exponentials.
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Proof. Let f+l denote the l-vector of 1’s and f
−
l denote the l-vector of −1’s. Notice
that the k× k matrix M = (Mij) with row i equal to (f
+
k+1−i, f
−
i−1) is an invertible
matrix. Fix δ = | detM | > 0.
A continuity argument shows that ifM(ε) = (Mij(ε)) is any k×k matrix satisfy-
ing supij |Mij(ε)−Mij | ≤ ε for suitably small ε = ε(k) > 0, then | detM(ε)| ≥ δ/2.
Let
−→
Λω = (0, λ2(ω), ..., λk(ω)). For each j = 2, ..., k, choose gj ∈ [0, 1] such that∣∣egj (λi(ω))−Mij∣∣ < ε
for each λi(ω) ∈
⋃
ω∈Q
Λω{0}. Put g1 = 0 and g = (g1, ..., gk). Such gj can be
found because
⋃
Λω{0} is an ε-Kronecker set and if λi(ω) = λj(ν) for some i, j,
then we must have Λω = Λν .
By construction, Egω is a matrix M(ε) as described above and hence |detE
g
ω| ≥
δ/2 for all ω ∈ Q. The same conclusion holds for all χ ∈ D, hence by Theorem 3.3
the set Ω has a structured Riesz basis. 
In [2], there was an example of a k-tile with respect to Z in R, that was not ad-
missible but had a structured Riesz basis. Here, using Proposition 4.6, we construct
a different example using ε-Kronecker sets.
Example 4.7. Choose ε = ε(k) from the Proposition and select q sufficiently large
so that any lacunary set {nj} with lacunary ratio ≥ q has Kronecker constant less
than ε(k). Put n1 = 1 and inductively choose integers nj+1 > q
k(nj + 1). Let
Ω0 = [0, 1) and for j ≥ 1, let
Ωj =
k−1⋃
i=0
[qinj + 1− 2
−(j−1), qinj + 1− 2
−j).
Put Ω =
⋃∞
j=0 Ωj . Notice that the choice of {nj} ensures that nj+1 > q
k−1nj + 1
so the intervals Ωj are disjoint. If ω ∈ [0, 1/2), then Λω = {0, n1, qn1, ..., qk−1n1}.
More generally, for ω ∈ [1− 2−(i−1), 1− 2−i),
Λω = {0, ni, qni, ..., q
k−1ni},
so this is a k-tile and for every ω, ν either Λω = Λν or Λω
⋂
Λν = {0}.
Since each Λω{0} is a q -lacunary set and nj+1 ≥ q(qk−1nj), the set
⋃
Λω{0}
is ε(k)-Kronecker.
Thus Ω has a structured Riesz basis. If, in addition, we choose each nj to be a
multiple of j, then it is not admissible.
The sets {χ ∈ Λ : |χ(x) − 1| < ε} for x ∈ G and ε > 0 form a subbase for the
Bohr topology on Λ at the identity character 0. In light of Cor. 4.4, it is natural to
ask if 2-tiles with structured Riesz bases could be characterized as those for which
0 /∈ Y . Our final example shows that this is not true.
Example 4.8. Write (1 + 2N)
⋃
{m!}∞m=2 = {nj}
∞
j=1 where nj+1 > nj . Take
Ω =
⋃∞
j=0 Ωj where Ω0 = [0, 1), and for j ≥ 1,
Ωj = [nj + 1− 2
−(j−1), nj + 1− 2
−j).
The set Ω clearly is a 2-tile and each Λω = {0, ni} when ω ∈ [1− 2−(i−1), 1− 2−i).
Thus Y = ±{nj}j . The set {m!}m≥2 is an ε-Kronecker set for some ε < 2, being a
lacunary set with ratio q = 3, and it is known that 0 is not in the Bohr closure of such
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sets, [5, p. 38]. The set 1+2N does not have 0 in its closure since e2n+1(1/2) = −1
for all n ∈ Z. Thus 0 /∈ Y . However, we claim there is no x such that Ann(x)
is disjoint from Y , so by Corollary 4.4 the set Ω does not have a structured Riesz
basis.
To prove this claim, we argue as follows1. First, consider x /∈ Q. Take a basis
for R over Q with 1/2 and x as two of its elements. There will be a (discontinuous)
character that is 1 at x (so in Ann(x)), but −1 at 1/2. This character is not in 2Z
as such characters must map 1/2 to 1, and hence belongs to (1 + 2Z). Now suppose
x = a/b ∈ Q. Then em!(x) = 1 for any m ≥ b and so {m!}
⋂
Ann(a/b) 6= ∅. Thus
0 /∈ Y and yet Ω does not admit a structured Riesz basis.
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